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The first-order two-step estimator is found to occasionally produce first-step covariance matrices with very low,
sometimes negative, eigenvalues. These low eigenvalues can cause large errors or meaningless estimates. A single
matrix is found, which is shown to have a rank equal to the difference between the number of first- and second-step
states. Furthermore, it is demonstrated that the basis of the column space of this matrix remains fixed once the large
initial state error has decreased. A test matrix containing the (constant) basis of this column space and the partial
derivative matrix relating first and second step states is derived. This matrix numerically drops rank at the same
locations that the first-step covariance does. A simple example problem involving dynamics described by two states
and a range measurement illustrates the cause of this anomaly and application of the aforementioned numerical
test. Suggested modifications to the filter that can mitigate the numerical problems caused by this anomaly are given.

I. Introduction

HE two-step optimal estimator derived in Haupt et al.! and

Kasdin and Haupt® provides an improved recursive solution
to the state estimation problem involving nonlinear measurements.
This method breaks the problem into two parts by defining a set
of first-step states that permit an exact linear measurement model
and a nonlinear relationship between these first-step states and the
second-step states that describe the dynamics. In attempting to ap-
ply the first-order version of this filter to the problem of navigating
two satellites relative to each other in an elliptical orbit,? it is found
that occasionally a covariance matrix for the first-step states with
one very small eigenvalue results. This makes the second-step state
updateill conditioned and potentially causes subsequentfilter diver-
genceormeaninglessstate estimates. This paper presentsan analysis
of the cause of ill-conditioned first-step state covariance matrices
and of this problem and derives a numerical test for the location of
this problem.

A covariance matrix with very low or nearly zero eigenvalues
indicates that a strong correlation has developed between the states
and that some linear combination of the states can be known almost
exactly. In the two-step filter, the first-step state vector is often se-
lected to have a larger dimension than the second-step state vector.
This does open the possibility that there may exist linear combina-
tions of the first-stepstates thatcan at times have very low estimation
error without the corresponding second-step states exhibiting any
such characteristics.

II. Two-Step Estimator Overview

Given a continuous nonlinear system described by a state vec-
tor x of dimension m and the differential equationx = g(x, 1), the
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general estimation problem is to process noisy discrete vector mea-
surements, z; + v;, of dimension / related to the state through the
nonlinear functionz; = h; (x;) and generate the best estimate of the
state at those points, X;. The measurement noise (v;) is described
by its covariance matrix R; = E{uiuiT}, Haupt et al.! define a first-
step state vectory of dimensionn related to x, the second-step state,
througha nonlinearfunctiony; = f;(x;). The first-step state must be
defined such that the second-step state is observable from it at each
time step. This, as a minimum, requires that the first-step state vector
have a dimension equal to or larger than that of the second-step state
vector (n > m). The first step-state vector y; is specifically chosen
so that the measurement vector can be expressed as a linear com-
bination of the first-step states z; = Hy;. (In all cases considered
in this study H is a constant / X n matrix.) Thus, each new mea-
surement is incorporated through a linear system, where traditional
methods of linear estimation are applicable.

Mechanization of the two-step filter is given in Refs. 1 and 2. At
the ith time step, the a priori estimates of the first- and second-step
states and their covariance matrices are available. A caret over the
state vector indicates an estimate of that vector, the notation of (+)
signifies the a posteriori conditions and (—) signifies the a priori
conditions.

One complete step of the two-step filter, incorporating the ith
observation (z;), proceeds as follows.

1) Perform a standard linear measurement update of the first-step
state estimate and covariance based on the observations

Yi(H) =3 (=) + Kz — Hi(—)) (1
Ki= P, (H[HP, () H + R]" @
Pl =P, () + HTR'H 3)

2) Compute the second-stepstate estimates by a nonlinearestima-
tion process such as the Gauss-Newton or Lavenberg-Marquardt*
methods, which numerically minimize the cost function

Jo = Gi(H) = fix)" P G () = fi(x:) “)

and produce the a posteriori second-step state estimate x; (+). The
second-step state covariance is obtained as

af |

P.l(4) = P (+) i &)

Xi(+) Xi(4)
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in which 9f /0x is an n X m matrix of partial derivatives of the
first-step states with respect to the second-step states.
3) Propagate the second-stepstate and covariance matrix forward
to the time of the next measurement using numerical integration.
4) Propagate the first-step states and covariance matrix to the time
of the next measurement using the a posteriori first- and second-step
covariancematrices from the last measurementupdate and the prop-
agated (a priori) second-step covariance matrix for the upcoming
measurement epoch (from step 3). Reference 1 approximates the
first-step covariance propagation from the ith time step to the i + 1
step to first order,
T

af af
Py, (=)= Py(+H)+ == Py, (—)=
Ri41(=) Xi41(=)
T
0 0
Xi(4) Xi(+)

This last step is the focus of the research presented here. Equa-
tion (6) generates the a priori covariance matrix at the i + 1 time
step by adjusting the a posteriori covariance from the ith step by the
difference between two positive semidefinite matrices. This is not
guaranteed to produce a positive-definite covariance matrix, owing
to the negative sign on the third term. In fact, when applying the
two-step filter to the aforementioned orbital mechanics problem,
this equation occasionally results in covariance matrices with very
low eigenvalues. Sometimes these small eigenvalues become nega-
tive, which represents a physically meaningless condition and can
result in failure of the iterative second-step solution. The follow-
ing analysis seeks to understand the cause of these ill-conditioned
first-step covariance matrices by determining the conditions under
which they occur and deriving a test to predict their location. As the
smallest eigenvalues would have to go through zero before becom-
ing negative, this test also identifies nonpositive-defnite matrices in
addition to rank deficient matrices.

It should be noted that in actual practice, both for the orbital
mechanics problem, which was the motivation for this work, and
in the simple numerical example presented later, a U D covariance
factorization of the two-step filter is used.? The original two-step
filter from Ref. 1 will be used in the analysis because it is mathe-
matically identical but simpler to understand than the factored form.
The U D covariance factored algorithm used in all of the numerical
simulations is given in Ref. 2.

III. Analysis of the Problem

An analysisinto the cause of ill-conditionedfirst-step covariances
can be brokeninto threesteps. First, the filter equationsare expressed
in terms of a new matrix C, which is a function of the two state
covariance matrices P, and P,. Second, two properties are found
for the column space of C, which allow this space to be represented
by a reduced number of constant basis vectors. Finally, a numerical
test that identifies points in which P, may become ill-conditioned
is derived using this set of basis vectors and the partial derivative
matrix.

Formulation in Terms of the Matrix C
The covariance propagation equations for P, and P, in the two-
step estimator described in the preceding section are expressed in
terms of another matrix C, defined at each time step for the a priori
and a posteriori conditions,

T
P, () A

i (£)

of

G =P, ) — == (M

i (%)

Next, two assumptions are made about the evolution of the first-
and second-stepcovariancematricesonce any largeinitial state error
has been removed.

T . .

Assumption I: P_" (—) is approximated as

af |
0x

a
Pll(—)~ P;(—)—f: ®)
xi(-)

2 (=)

This equation is found by taking Eq. (5), defined for the a poste-
riori conditions and applying it to the a priori conditions.

Assumption 2: The partial derivative matrix is approximatelycon-
stant across measurement updates

af . of
0x 0x

~
ox |,

i

)

Xi(4) 2 (=)

It is also assumed that computing this partial derivative using the
estimated state gives approximately the same result as computing
it using the true state. Henceforth, no reference will be made to
which side of the measurement update the partial derivative matrix
is computed on.

These two assumptions, taken together,amount to approximating
the second-stepcovariancematrix propagationalonga referencetra-
jectory as equal to thatof a linearized Kalman filter, which processes
measurements and directly updates the second-step states. This is
shown by premultiplying the first-step covariance update (an n x n
matrix equation) by (3//9x)|” and postmultiplyingit by (3f/3x)|;.
The resulting m X m matrix expression is reduced to the form of a
second-step state covariance update,

P(+)= P (=) + HIR'H,, (10)

in which the linearized measurement matrix is H,, = H (3f/0x)|;.
The propagation of the second-step states between measurements
would be the same for the two-step filter as well as the linearized
filter.

Properties of the C Matrix

Two important properties of the C matrix, which greatly sim-
plify its propagation and ultimate use in the test for ill-conditioned
P,, are derived. Although conditions under which P, becomes ill
conditioned are of interest here, it is necessary to assume that the
matrix Py‘1 exists. These two points are reconciled by interpreting
this analysisas an inquiry into where P, becomes numericallylower
rank, assuming that it will always have an inverse analytically.

Property I: The rank of C is n — m. This property is obtained
by arranging Eq. (7) as an expression for Py, (+) given C;(+) and
Py (+)

T
] ]
Py () =Ci(+H) + o Py (+)—f‘ an
ax |, ax |,
and noting that the term
T
] ]
—f‘ Px,-(+)—f‘ (12)
ax |, ax |,

is of rank m. This, of course, assumes that the matrix (3f/dx|;) is
of rank m. This would always be true in the suggested practice!
of defining the first-step states as the set of second-step states aug-
mented by the nonlinear measurement equations. For Py, (+) to be
full rank, C;(4+) must contain at least » — m column vectors that
are linearly independent of the column vectors of Eq. (12). Hence,
there is the requirement

rank(C;(+)) >n —m (13)

PostmultiplyingEq. (7) by the matrix P;l (+)[3f /0x]|; and using
Eq. (5) resultin

of

ax|

Ci(H) P (+) 0 (14)

Equation (14) shows that the m columns of P);l (+)af/dx|; are in
the nullspace of C;(+).

The rank of the matrix product P);l (+)af/adx|; is, therefore,less
than or equaltom [P);1 (+) must be full rank and the rank of 3f /9 x|;
is m]. If the rank of this product was less than m, however, then there
would exist some vector @ # 0 such that P);l (+)af/ox|;a = 0.
Postmultiplyingthe partialderivativematrix, which musthave m lin-
early independentcolumns, by a nonzero vectora will give another
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nonzerovectorb; (3f/dx)|;a = b # 0. Thisresultsin the contradic-
tion P’ “1(+)b = 0. Therefore, the matrix product P 1(+)8f/8x|,
must have arank equal to m. It is, therefore, concluded that C; (+)
also has at least m linearly independentnull vectors and, hence, the
dimension of its nullspace is at least m.

This finding, combined with the fundamental relationship be-
tween the dimension of the nullspace and the rank for any n x n
matrix and Eq. (13), results in the conclusion that the rank of C (4)
is exactly n — m.

Equation (6), in terms of C, reduces to

Ci+l(_) =Ci(+) (15)

Therefore, this property of the rank of C applies to both the a priori
as well as the a posteriori conditions

rank(C;(£)) =n —m (16)

Property 2: The column space of C is fixed in R" for a filter
with [ < m after the large initial state error has been removed.
Consider that the nullspaceand row space of a matrix are orthogonal
complements. It will be shown that the nullspace of C remains fixed;
therefore, the row space of C (and, hence, the columns spacebecause
C is symmetric) must also be fixed.

To simplify the notation, the matrices N;(4) and N;(—) are de-
fined for the products

)
N (£) = P);l(j:)a—i: (17)

The nullspace of C remains the same between measurement up-
dates, as shown in Eq. (15). This can be written as

Niti1(=) = Ni(HAi 1 (18)

in which A; | is a matrix of coefficients expressing each column
vectorof N; ,;(—) as a linear combination of the column vectors of
N;(+).

The update of the first step covariance at the i + 1 time step is
given by Eq. (3). Postmultiplying Eq. (3) by (3f/dx)[; ; 1, express-
ing this in terms of the N;, (&) matrix defined in Eq. (17), and
substituting in Eq. (18) result in

a
Ni(H)A; . +HT Rl+1 8—§ (19)

i+1

Nisi(H) =

Consider the general condition where H” does not initially lie in
the column space of N; (+). As each new measurementis processed,
a new term of the form H” R='H (df/dx) is added to N;(+)A; ..
The only directionin which the column space of N can be changed
is in the direction of the span of the columns of H”. One would ex-
pectthatas i increases, some /-dimensional subspace of the column
space of N;(£) would approach the column space of H” . These ar-
guments, of course,do notrigorouslyprovethis property. Numerical
simulations run on models with / < m all have produceda C matrix
with a column space that stays fixed after the initial state transients
are reduced and a nullspace that contains the columns of H”.

Once the column space of N;(+) contains the column space of
HT as a subspace then the columns of H” can be used as [ of the
basis vectors for the column space of N; (+). The other basis vectors
are defined as the columns of an n x m — [ matrix N. The matrix
N; (+) can, therefore, be expressed as the linear combination

N.,(+)=NB; + H' D, (20)

Substituting this into Eq. (19) gives

9
NBA;, +H"| DA, +Rl+1Ha—f

2D
Fliva

This shows that the same basis {N, H”} spans the column space
of both N, ;| (+) and N, (+) and, consequently, spans the nullspace
of both C; . (+) and C;(+). Therefore, if | < m and H” is in the
nullspace of C, then the column space of C remains fixed in R".

Nip1 () =

For the case of [ > m, the same arguments just used can be used
to show that the columns of H” are the only modifications that are
possible to the column space of C. However, there are too many
column vectors in H” to form a basis. For this reason, it will not
generally be true that the column space of C stays fixed for ! > m.
The span of the columns of the matrix product

8f

i

H'RS H (22)

does not stay fixed because of the partial derivative factor. It is a
changing m-dimensional subspace of a fixed /-dimensional space.
The basis of the nullspace of C would be determined by the accu-
mulation of terms like Eq. (22) from all previous time steps. This
case would be rare in actual practice. Most estimation problems do
notinvolvean observationvector, which has a larger dimension than
the state vector.

Itis only the space spanned by the columns of C that is of interest,
not the actual elements of the C matrix. For the remainder of this
paper the notation {¢, ¢s, ..., c,_,} will be used to indicate the
(fixed for I < m) basis of the column space of C without any
reference to a specific time step or a priori or a posteriori state.

It should be emphasized that these results are independent of
how the second-step state covariance is propagated between mea-
surements. Including process noise would not effect the possibility
of generating the ill-conditioned covariance matrices. It may, how-
ever, change the specific location of these anomalies by generating
a different C matrix.

Test for Ill-Conditioned First-Step Covariance

The C matrix is now used to derive a test to predict the location
of points in which the P, matrix may become ill conditioned. It is
assumed that Py‘l still exists and that the filter will never actually
generatea singular P,. The test is one that sets a numerical tolerance
on how close to singular P, is allowed to become. This is derived
starting with Eq. (11).

As mentioned before, Eq. (11) expresses a matrix that must
be of rank n as the sum of a matrix of rank n — m and one
of rank m. This is possible as long as the n — m basis vectors
{c1,¢2,...,¢,_,} are linearly independent of the column space
of (0f/3x)P.(df/dx)T. Now, consider the case where at least
one basis vector of C is close to being linearly dependent on the
column space of (3f/dx)P.(3f/dx)T. This can be simplified by
removing the first-step state covariance P, because the column
space of (3f/dx)P,(3f/9x)T is spanned by the m columns vec-
tors {df/dxy, df/0x,, ..., df/dx,}. This leads to a test to look for
conditions under which the set of n — m vectors {¢;,¢5,...,¢p_n}
become close to being linearly dependentupon the set of m column
vectors {df/0x,, 0f /0x,, ..., 0f/0x,}.

All of this can be expressed as a test of the numerical rank of an
n X n matrix

0 0, 0,
rank cl,cz,...,c,,_,,,,—f,—f,..., / el <n (23)
0x; 0Xx, 0x,,

for some tolerance €. Points for which the condition described in
Eq. (23) is true are the locations where an ill-conditioned first-step
covariance matrix would occur. The numerical rank of an n x n
matrix is defined as the number of singular values greater than €
(Ref. 5). The span of {c|, ¢;, ..., ¢, _,} is fixed (property 2) and
the partial derivative matrix can be computed along a reference
trajectory (assumption 1). Therefore, the test defined in Eq. (23)
could conceivably be applied to points ahead of the present fil-
ter state to identify future trajectory points in which generating an
ill-conditioned covariance matrix is possible. The importance of
Eq. (23) in this analysis, however, is that it leads to a geometric
interpretation of the cause of ill-conditioned P, .

Geometric Interpretation

The condition in which Eq. (23) would be true is visualized geo-
metrically using a system of two second-step states and three first-
step states (n = 3 and m = 2), as shown in Fig. 1. The covariance
matrix P, is represented by the two-dimensionalerror ellipse in the
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Fig.1 Geometric interpretation of the column space of P,.

X1-x, space. The effect of Eq. (12) is to rotate and scale that ellipse
to a new orientation in the y;-y,-y; space. The column space of
df/dx defines the plane of that ellipse. The first property of the C
matrix is that its rank is 1; hence, its column space is a single line in
the y,-y,-y; space, as shown in Fig. 1. The effect of Eq. (11) is to
add the additional basis vector from C to the column space of P,.

The second property of C states that the orientation of this vector
remains fixed in y;-y,-ys space. The plane defined by the column
spaceof (3f/dx), however, changes orientation with the state vector
evolution. This line and plane togetherspan R* undernondegenerate
conditions. The orientation of the plane with respect to the line
controls the linear independence of the columns of the P, matrix as
described by Eq. (23).

As long as this line is not coplanar with the column space of
(9f/dx), Py remains rank 3. If this line does fall in the plane defined
by the column space, then the union of these two subspaces would
not span R* and, consequently, P, would be singular. If the line
lies nearly in the plane, then the P, matrix is ill conditioned. In this
case, there will exist one direction in the y,-y,-y; space, namely,
perpendicularto the columnspaceof (3f/9x), in which the first-step
state estimate is predicted to have very little uncertainty.

IV. Numerical Example

A simple two-state example problem is used to illustrate this
anomaly in the two-step filter. This example problem did not exhibit
a catastrophic numerical failure as a result of ill-conditioned P,.
It did, however, produce an ill-conditioned covariance matrix in a
similar manner to the more complex orbital mechanics problem.
Although the existence of low eig(P,) is still very evident, these
eigenvaluesnever get small enough to cause a failure of the second-
step iteration. This example is used to demonstrate how the filter
structure gives rise to the low-rank P, and to demonstrate the use
of Eq. (23) to predict the location of these points. The geometry of
this problem is shown in Fig. 2. The kinematics consist of a particle
following a spiral path defined by a constant angular velocity wy
and a constant radial velocity vy as if the particle was attached to a
string of increasing length. The set of two position coordinates x,
and x, is sufficientto determine the particle motion and, therefore,is
used as the two-dimensionalsecond-stepstate vector. The nonlinear
differential equations in Cartesian coordinates are

d)Cl X1 Vo (24)
—_— = Y — X2
N
dx X2V
2 = A + X1Wwo (25)

ERNCESS

Table1 Numerical data for example problem

Independent variable step, At 0.0002
Filter initial state, X {2.0, 0.0}
True initial state, x(0) {2.583,0.313}
Measurement covariance, R 1074
Filter initial second-step diag{0.25, 0.25}
state covariance, Py
Filter initial first-step
state covariance, Py

0.226  0.209 0.000
0.209 0.247 0.000
0.000 0.000 0.248

Second-step state discrete diag{10~1> 1012}

time process noise, Q4

A
x2
v
o
P
o
A
:xa
X
B
0)0 x1
I
0 1

Fig.2 Example problem geometry.

The second-step covariance matrix is propagated between mea-
surements using the state transition matrix ¢ and a discrete process
noise term Q;,

P, (=)=, P, (+)q)iT+l.i + 0y, (26)

The state transition matrix is obtained by numerically integrating
® = A(X, 1)@ from¢ to £; . along with the predicted state estimate
using the partial derivative matrix of the dynamics

_ 98, 1)

A(x, 1) "

27

x(t)=%(1)

The measurementis the range from a fixed point located at the coor-
dinates (1, 0) to the particle. This gives the measurement equation

= [Vo 17 4] 28)

The first-step state vector is defined as the second-step state vector
augmented by the measurement equation, following the suggestion
in Ref. 1,

V=124 x2
y= X1 29)

X2

Therefore, H = [1 0 0].

Specific numbers used in the example and the filter implementa-
tions are listedin Table 1. The initial conditions are in error from the
reference starting conditions (2, 0), and a normally distributed error
is added to the measurements. A process noise term is included in
the filter to prevent the filter from losing sensitivity to new mea-
surements as  — oo and P, — 0. No dynamic noise, however,
is simulated in the truth model. A plot of the particle motion and
one set of noisy measurementsis shown in Fig. 3. A large number
(30,000) of data points are generatedto illustrate the sharp decreases
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Simulated
Noisy Obsetrvations

1 L 1 L L 1
0 1 2 3 4 5 6

Fig.3 Example problem state and observations.

in eigenvalues of P, that can occur over a very small time period. It
was found that spacing points farther apart lessens the decrease in
the eigenvalues.

Eigenvaluesof the P,(+) matrix on the order of 10~'% occurnear
t ~ 1.3 and 4.8. The matrix C is computed from each point in the
filter time history from the a posteriori state covariances and esti-
mated state. The largest eigenvector of C is used as the basis of the
column space of C. Figure 4 plots the numerical values demonstrat-
ing the properties of C. The three singular values of C [svd(C)] are
plottedin Fig. 4a. Note that the first singular values are on the order
of 10'® larger than the other two, and consequently, the rank of C
is 1 (property 1). The dot product between the steady-state ¢(c0),
computed as the average of the last 5000 and each previous c;, is
plotted in Fig. 4b. This dot product is very nearly unity once the
large initial state error has been reduced by the filter. Hence, it has
been numerically demonstrated that the column space of C is fixed
(property 2).

The explanation given in this study for the constant basis of the
column space of C is shown in Fig. 4c. In this figure the dot product
between the H matrix and the basis vectorc is plotted. After t ~ (.5,
this product becomes very small in comparison to the magnitude of
the H” and ¢ vectors (both unity) indicating that the two vectors are
orthogonaland, therefore, the column vector H7 is in the nullspace
of C.

Figure 5 shows the rank test defined in Eq. (23) using a numeri-
cal tolerance of 10~*, and Fig. 5a shows a plot of the eigenvaluesof
Py (+). This test matrix is computed from the steady-stateeigenvec-
tor of C and the partial derivative matrix computed along the true
trajectory. Therefore,otherthan the determinationofthe steady-state
basis vector ¢, no output from the filter is used in the calculation of
the numerical rank. The test correctly predicts the location of low
eigenvaluesin the P, time history, as shown in Fig. 5. The use of a
numerical definition of matrix rank to resolve the apparent contra-
diction in using P! to derive properties of the C matrix, which are
then used to look for conditions under which P! does not exist,
is demonstrated in these results. The smallest singular values of C
are 107'3, the size of the second largest singular value, as shown on
Fig. 4a. This numerical tolerance is used to determine the rank of

1 - &(1) @ ¢(s)
o

0 1 2 3 4 5 6
b)
x10°
5 ‘ ‘ ‘ T :
.
g
L4
&
s : ; ; ; ;
0 1 2 3 4 5 5
t
©
Fig.4 Properties of the column space of C.
10° : : .
10° 1
5
=
o
5
o

10 1 L L L . 1

a) Eigenvalues of first-step state covariance matrix

4 T T T

b) Demonstration of Eq. (23) in predicting where P, drops rank

Fig. 5 Numerical rank test for ill-conditioned P,.

C and, hence, its properties. It is much smaller than the numerical
tolerances used to identify a low-rank P, (in this example 107*)
using Eq. (23), as plotted in Fig. 5. Therefore, the properties of C
are expected to be numerically valid even under situations in which
P, is determined to be ill conditioned. The C matrix may, however,
change if the filter generateslarge state errors as the result of numer-
ical problems caused by the ill-conditioned P, . This is not a serious
concernin these examples because the partial derivativesfor the test
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Run #1
Run # 2
Run # 3
Run # 4 ]

Run #5
-20 L L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2

a) Minimum eigenvalue of P,

min(eig(Py(+)})
+ %X 0 X

4 T T T T T T T T T

w

Rank of Eq. (23)
S
T
¥
(PR
o—3
——3

1 L I L
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2

b) Numerical rank test

— Filter Predicted
+  Mean of 5 Simulations

min{eig(Py(+)})

S I S e
0 0.2 0.4 06 0.8 1 1.2 14 1.8 1.8 2

¢) Mean square first-step state error

T T T

— Filter Predicted 3

z 7 +  Mean of 5 Simulations
X107 b 1
=3
B10° | ]
€ o .
| —— |
10"0 1 L L L L L 1 L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

d) Mean square second-step state error

Fig. 6 Comparison of minimum eig(P,) location with mean squared
first- and second-step state error for five simulations with measurement
noise.

matrix are computed using the true state time history. For reference,
the floating point relative accuracy on the computer used in these
simulationsis 2.2 x 107! This is defined as the difference between
1.0 and the next largest floating point number.

It is now demonstrated through numerical simulation that this
anomaly represents an actual instance of first-step states with very
low uncertaintyin one direction and, furthermore, that this does not
have a similar effect on the estimation error in the corresponding
second-step state estimates. A series of five simulations of the ex-
ample problem was done for 8500 points, each starting from exactly
the same initial conditionsas givenin Table 1. The random measure-
ment errors produce a slightly different state estimate time history
for each simulation. The minimum eigenvalue of P, (+) for each of
these five simulations is shown in Fig. 6a. A different C matrix col-
umn vector ¢ was computed from the average of the last 5000 points
of each run and used in the test given in Eq. (23), with the partial
derivatives computed along the true trajectory and a tolerance of
€ = 107*. Again, the only numerical datum obtained from the filter
itself is the C matrix. The results of this test are plotted in Fig. 6b.
What this shows is that the wide difference in location of the points
with low eigenvaluesis the result of the different orientation of the
column space of C dependingon the state estimate time history. Re-
callthatEgs. (8) and (9), which are necessary for C matrix to remain
fixed, are only approximations. These are not valid at the start of
each filter simulation but rapidly become so, as the plots in Fig. 4
show. The different measurement and state estimate time histories
for the five simulationsin Fig. 6, as a result of the random measure-
ment noise, would cause the C matrix to take a different path to this
converged orientation for each run. A different column space basis
vector ¢ would, therefore, be generated for each simulation.

This point is further emphasized by the plotin Fig. 6¢. The filter
was run five times with exactly the same initial conditions but with
perfect measurements for the first 1001 points. This forces the C

matrix to converge to the same orientation in each of the simula-
tions before noisy data are encountered. On this plot two curves are
shown: the minimum eigenvalue of the mean of predicted P, (+)
matrices from the five runs and the minimum eigenvalue of the
mean squared error (é) 25@ —y)(3 — y)T. Both of these plots
go through a minimum at the same point. This indicates that the
anomaly discovered for the two-step estimator actually does pre-
dict a location where some linear combination of the first-step state
mean squared error reaches very low values. This, however, does
not result in any corresponding linear combination of the second-
step state estimates, which have very low error, as Fig. 6d shows.
In Fig 6d, the two eigenvalues of the mean predicted P, (+) are
plotted along with the eigenvalues of the mean squared second step
state error (é) ZS (X —x)(x — x)T. The eigenvalues of P,(+) do
not exhibit a similar minimization at that location, and so it can be
concluded that this anomaly only represents a feature of the set of
(underdetermined) first-step states. It does not imply that a linear
combination of second-step states exists that has very small error.

V. Filter Modifications
Two straightforwardmodifications are suggested for the two-step
filter that can mitigate the effectof the ill-conditioned Py . The first of
these is the addition of a small positive diagonal matrix (¢ ) similar
to process noise onto the first-step time update in Eq. (6),

T
P =+ Ll e oY
Xip1(-) Xit1(-)
3 af |
_o P, Gl s (30)
Xi(+) X (+)

The small positive scalar € can be chosen large enough to prevent
P, from becoming so ill conditioned that it causes the second-step
iteration to fail, but small enough so that it does not significantly
effect the filter covariance propagation.As already mentioned, addi-
tion of process noise in the conventional manner to the second-step
state propagationwould noteffectthe possibility thatill-conditioned
covariance matrices would be generated.

The other suggested modification is to monitor some indication
of the numerical rank of Py, such as the rank itself, the value of the
test condition givenin Eq. (23) computed using a predicted state, or
the ratio of smallest to largest diagonal in the U D factorization of
the first-step covariance. When this indicates that the matrix P, has
droppedrank, then some number of new measurements are rejected
until the predicted state has advanced past the location where low
eigenvalues will occur.

This is related to the earlier statement that spacing of the data
points farther apart reduces the chances of a failure. This is because
the rank of P, dropsrapidly overa very shorttime period. The closer
measurements are together, the greater the chance of encountering
a P, with low enough eigenvaluesto cause the second step iteration
to fail.

Use ofthe U D covariancefactorizationdoesreduce the numerical
problems resulting from the small eigenvalues of P, but it does
not eliminate their existence nor even the possibility of negative
eigenvalues. This is because the factored form of Eq. (6) contains
a negative block diagonal from the third term in that equation. The
UD covariance factorization of Eq. (6) is P,,(-=) = Y, D, YyT in
which

Y,=|U, (+ % }i(_)UX,. (=) g—z o Uy (4
3D
Dy, (+) 0 0
D=1 L oDL(o) 0 (32)
0 : 0 Dy, (+)
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and the U and D matrices in the block diagonalsare the U D factors
of the three covariance matrices on the right-hand side of Eq. (5).

Another possibility is to allow the existence of ill-conditioned
P, and to develop a better second-step parameter estimation that
is robust enough to still produce good estimates of the first-step
state. This option must also allow for the potential of small negative
eigenvalues of Py, possibly by setting them equal to zero.

These modifications to the filter are suggested to overcome
the numerical difficulties resulting from the occurrence of an ill-
conditioned first-step covariance matrix. They do not change the
structure of the filter so as to avoid this occurrence altogether. It is
not clear that there is any general guidance for selecting first-step
states so as to avoid ill-conditioned first-step state covariances, or
even if this would ever be possible. Reformulation of the two-step
filter from the start with this objective in mind is beyond the scope
of this study.

V1. Conclusion

The occurrence of ill-conditioned first-step covariance matrices
in the two-step filter has been explained. This anomaly results when
the two positivesemidefinite matrices in the linear time update of the
second-step covariance matrix do not combine to produce a full set
of linearly independent column vectors. The presence of very low
first-step eigenvalues is a result of the two-step filter formulation.
Consequences of this for numerical implementation of the filter
must be considered. The time update is an approximation, but the
numerical simulations indicate that the locations of low eigenvalues
are representativeof a real conditionof the first-step state estimation
error.

The test derived correctly predicted the locations of ill-cond-
itioned first-step covariance matrices given the true state history.
Use of the test matrix in this manner to identify this problem in
a real application of the filter is impossible (because the truth is
unknown). This demonstration is done, however, to show that the
difference in location of the ill-conditioned matrices between dif-
ferent samples of an ensemble of runs was determined only by the
orientation of the column space of the C matrix. As mentioned,
this test could conceivably be applied as an operational test as
well, using the estimated state. The real use of the test matrix lies
in the geometric interpretation that it gives for why the first-step
covariance time update does not always provide a set of column
vectors that are sufficiently independent to span the first-step state
space.
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